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On the basis of the arctangential approximation of the magnetic hysteresis loop of the material and the ex-
pression for the central demagnetization coefficient of hollow cylindrical rods from soft magnetic materials, a
method for calculating the hysteresis loops of these rods in a homogeneous quasi-static field of a solenoid is
proposed. Calculation and comparison to experimental data of the basic parameters of the magnetic loops
hysteresis of hollow cylindrical rods with a different value of the demagnetization coefficient have been made.

Introduction. For solving many theoretical and practical problems of nondestructive testing, the process of
magnetization reversal in a homogeneous magnetic field by the magnetic hysteresis loop of bodies of specified dimen-
sions with known magnetic properties of their materials is of interest. For magnetization in a closed magnetic circuit,
a number of approximating expressions proposed by different authors [1–4], which are used to describe both the nor-
mal magnetization curve and the magnetic hysteresis loop, are known. For a specimen located in a broken magnetic
circuit, the most consistent approach to accounting for the influence of the body’s demagnetizing field on the shape of
the hysteresis loop is the introduction into the approximating expression of the demagnetization coefficient [5].

The aim of the present work is to develop a method for calculating the magnetic hysteresis loop and its basic
parameters for a hollow cylindrical rod of given geometry with known magnetic characteristics of the material from
which it is made.

Computational Procedure. To describe the magnetic hysteresis loop of the material, let us make use of the
previously obtained [4] expression
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where the signs "+" and "−" refer to the ascending and descending branches of the hysteresis loop;
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For a hollow cylindrical rod with a demagnetization coefficient Nh.cyl
cal  the following expressions [6] hold:
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Then expressions (1), (2), (6) in view of (7)–(9) will take the form

M = % 
Ms 

kt.s 


Hex − Nh.cyl

 cal
M

 

Hm,ex − Nh.cyl

 cal
Mm,h.cyl




2
 ⁄ π + k1 k3 Hm,ex − Nh.cyl

 cal
Mm,h.cyl




 Hc

2


Hm,ex − Nh.cyl

 cal
Mm,h.cyl




2
 + k2 Hm,ex − Nh.cyl

 cal
Mm,h.cyl




3 ⁄ 2
 Hc

1 ⁄ 2 + k1Hc
2

× 






2 arctan 

Hc % Hex − Nh.cyl
 cal

M

k
 − 






arctan 

Hc + Hm,ex − Nh.cyl
 cal

Mm,h.cyl

k
 + arctan 

Hc − Hm,ex + Nh.cyl
 cal

Mm,h.cyl

k














 ,

(10)

kt.s 

Hex − Nh.cyl

 cal
M = 








Ht.s
2

 + π Hex − Nh.cyl
 cal

M
2

Ht.s
2

 + 2 Hex − Nh.cyl
 cal

M
2 

Ht.s
2

 + 2Hm,s
2

Ht.s
2

 + πHm,s
2








 1 ⁄ 2

 ,
(11)

k3 Hm,ex − Nh.cyl
 cal

Mm,h.cyl

 = 

κin

1 + Nh.cyl
 cal κin

 
Hc

2

k
 

1

2 

Hm,ex − Nh.cyl

 cal
Mm,h.cyl



2
 + Hc

2


 k
2
 + Hc

2
 − Hm,ex − Nh.cyl

 cal
Mm,h.cyl



2


× 










1 + 

2Hc
3
 k

2
 + Hc

2
 − Hm,ex − Nh.cyl

 cal
Mm,h.cyl



2


(Hc
2
 + k

2)2 

Hm,ex − Nh.cyl

 cal
Mm,h.cyl



2
 + Hc

2


 Hm,ex − Nh.cyl
 cal

Mm,h.cyl












 .

(12)

1257



Expression (10) includes the value of the demagnetization coefficient Nh.cyl
cal  of the hollow cylindrical rod. To

determine it, let us make use of the formula of the demagnetization coefficient proposed in [7] for hollow cylindrical
rods on the assumption that µ → ∞ for soft magnetic materials:
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Fig. 1. Magnetic hysteresis loops of the material (1) and hollow cylindrical
rods made from it (2–8) at various values of ρ [a) 0.2; b) 0.6; c) 0.9] and λ
[1) ∞; 2) 15; 3) 10; 4) 7; 5) 5; 6) 3; 7) 2; 8) 1]. Curves and dots show, re-
spectively, the calculation and the experiment. M, Hex, A ⁄ m.
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where λ = L ⁄ (2R2); ρ = R1
 ⁄ R2; r

_
 = r ⁄ R2; z

_
 = z ⁄ R2.

Equation (10) representing a transcendental equation for M was solved by the method of sequential approxi-
mations. The value of Mm,h.cyl was determined from the analogous transcendental equation for the main magnetization
curve. The domain of variability of Hex was broken down into a certain number of intervals, and on each of them the
initial value of M was given. The computation terminated when the M i values of the neighboring iterations differed
by no more than 0.01%.

Computation and Comparison to Experiment. The major magnetic hysteresis loops were computed for hol-
low cylindrical rods from steel 45 with an outer radius R2 = 5 mm; length L equal to 10, 20, 30, 50, 70, 100, and
150 mm; the inner diameter R1 was varied from 1 to 4.5 mm. For the calculations, we used the following basic pa-
rameters of the material determined in a closed magnetic circuit: Mr = 0.66⋅106 A ⁄ m; Hc = 700 A ⁄ m; Ms = 1.7⋅106

A ⁄ m; Mc = 2.78⋅105 A ⁄ m; M2c = 0.65⋅106 A ⁄ m; κin = 90.
Experimental check of the calculation results was performed by measuring the magnetic characteristics of

these same specimens with reversal of their magnetization in a homogeneous quasi-state magnetic field of a solenoid
[8]. A magnetization reversing field was furnished by passing through it triangular current of frequency 0.05 Hz. The
amplitude of this field Hm,ex was 40 kA ⁄ m.

Figure 1 shows the hysteresis loops calculated by expression (10) and those obtained experimentally. One can
see that they are in good agreement. In both cases, as the relative length λ and the parameter ρ decrease, there is an
increase in the slope of the magnetic hysteresis loops. At λ ≤ 7 for the thick-walled hollow rod (ρ = 0.2), the hollow
rod with λ ≤ 5 and ρ = 0.6 and in the case of λ ≤ 1 of the thin-walled hollow rod (ρ = 0.9) the loops have the form
of practically straight lines.

For many magnetic control methods, the basic information parameters are maximum magnetization Mm, coer-
cive force Hc, residual magnetization Mr, and differential permeability µd at H = Hc. Therefore, of practical interest is
the investigation of the dependence of these magnetic parameters on the dimensions of the body being tested or on the
value of their demagnetization coefficient.

The theoretical and experimental results of such investigations for hollow cylindrical rods of different length
and different thickness of the wall are presented in Figs. 2 and 3. It is seen that the functional dependences of the
basic information parameters of magnetic methods for controlling the structural state of hollow ferromagnetic rods
on their dimensions are in good agreement with the dependences of the corresponding parameters determined experi-
mentally.

Fig. 2. Maximum magnetization Mm,h.cyl (a) and coercive force Hc,h.cyl (b) of
hollow cylindrical rods versus their relative length at various values of ρ: 1)
0.9; 2) 0.8; 3) 0.7; 4) 0.6; 5) 0.4; 6) 0.2. Curves and dots show, respectively,
the calculation and the experiment. Mm,h.cyl, Hc,h.cyl, A ⁄ m.
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A slight difference between the experimental data and the results of the calculation of the maximum magneti-
zation value Mm,h.cyl (Fig. 2a) of a hollow cylindrical rod is observed with decreasing parameter ρ. In so doing, tech-
nical saturation at Hm,ex = 40 kA ⁄ m is attained for thin-walled hollow cylindrical rods (ρ = 0.9) already at their
relative length λ ≥ 5. With increasing thickness of the wall of the hollow cylindrical rod the value of its relative
length, for which at Hm,ex = 40 kA ⁄ m technical saturation is attained, moves in the direction of larger values. In so
doing, the discrepancy between the results of the calculation and the experiment increases. This is due to the fact that
in the calculation the change in the demagnetization coefficient along the length of the rod is ignored.

The functional dependence of the coercive force Hc,h.cyl of the hollow cylindrical rod on its dimensions (Fig.
2b) is similar in shape to the analogous dependence of the maximum value of magnetization Mm,h.cyl. And the coer-
cive force Hc,h.cyl at Hm,ex = 40 kA ⁄ m reaches its limiting value equal to Hc at a somewhat smaller relative length
and a larger thickness of the wall of hollow cylinders. The widest discrepancy between the calculation results for
Hc,h.cyl and its experimental values is observed for thin-walled hollow rods in the region of small values of λ (λ < 3).

Fig. 3. Residual magnetization Mr,h.cyl (a) and differential permeability µd,h.cyl
(b) as to the hysteresis loop at a field equal to Hc,h.cyl of hollow cylindrical
rods versus their relative length at various values of ρ: 1) 0.9; 2) 0.8; 3) 0.7;
4) 0.6; 5) 0.4; 6) 0.2. Curves and dots show, respectively, the calculation and
the experiment. Mr,h.cyl, A ⁄ m.

Fig. 4. Maximum magnetization Mm,h.cyl versus the calculated (a) and the ex-
perimentally measured (b) demagnetization coefficient of the hollow cylindrical
rod at various values of ρ: 1) 0.2; 2) 0.6; 3) 0.9. Curves and dots show, re-
spectively, the calculation and the experiment. Mm,h.cyl, A ⁄ m.
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Fig. 5. Coercive force Hc,h.cyl versus the calculated (a) and the experimentally
measured (b) demagnetization coefficient of the hollow cylindrical rod at vari-
ous values of ρ: 1) 0.2; 2) 0.6; 3) 0.9. Curves and dots show, respectively, the
calculation and the experiment. Hc,h.cyl, A ⁄ m.

Fig. 6. Residual magnetization Mr,h.cyl versus the calculated (a) and the experi-
mentally measured (b) demagnetization coefficient of hollow cylindrical rods at
various values of ρ: 1) 0.2; 2) 0.6; 3) 0.9. Curves and dots show, respectively,
the calculation and the experiment. Mr,h.cyl, A ⁄ m.

Fig. 7. Differential permeability µd,h.cyl with respect to the hysteresis loop at a
field equal to Hc,h.cyl versus the calculated (a) and the experimentally meas-
ured (b) demagnetization coefficient of the hollow cylindrical rod at various
values of ρ: 1) 0.2; 2) 0.6; 3) 0.9. Curves and dots show, respectively, the
calculation and the experiment. µd,h.cyl, A ⁄ m.
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This is explained by the considerably greater change in the internal magnetic field with decreasing relative length λ
for thin-walled rods than for rods with a smaller value of ρ.

The residual magnetization Mr,h.cyl and the differential permeability µd,h.cyl at a field equal to the coercive
force increase with increasing relative length of hollow cylinders almost linearly for both thin- and thick-walled hollow
rods (Fig. 3) and to a much smaller extent than do the analogous parameters of the rod material. And the difference
between the calculation and experimental results widens with increasing relative length and decreasing thickness of the
wall of the hollow cylindrical rod, i.e., with increasing value of the demagnetization coefficient. This can be explained
by the fact that with decreasing demagnetization coefficient its dependence on the magnetic state of the hollow rod
strengthens, which is not taken into account by the formula for calculating Nh.cyl

cal  used by us.
To verify the hypothesis that a considerable part of the error of the calculated parameters of the magnetic hys-

teresis loop of hollow cylindrical rods is determined by the error of the calculation of the demagnetization coefficient,
we calculated the basic parameters of the hysteresis loops of rods with the use of both the experimentally determined
demagnetization coefficient Nh.cyl

exp  of hollow rods having different dimensions and the calculated values of the demag-
netization coefficient Nh.cyl

cal . The results of these calculations are presented in Figs. 4–7. The lines in the figures show
the dependences of the hysteresis loop parameters calculated at various values of ρ.

It is seen from Figs. 4–7 that for the maximum magnetization Mm,h.cyl (Fig. 4) and coercive force Hc,h.cyl
(Fig. 5) of hollow cylindrical rods the difference between the variants of calculation (with the use of Nh.cyl

cal  and
Nh.cyl

exp ) and the experiment is slight. For the other two parameters µd,h.cyl and Mr,h.cyl (Figs. 6 and 7) the calculation
error is markedly lower in the case where the experimental values of the demagnetization coefficient rather than those
calculated by formula (13) are used in the calculations. And this error increases with increasing relative length λ.

Conclusions. The proposed method makes it possible to calculate, with an accuracy acceptable for practical
problems, the magnetic hysteresis loop of a hollow cylindrical rod from a soft magnetic material and its parameters,
such as maximum magnetization Mm,h.cyl, coercive force Hc,h.cyl, residual magnetization Mr,h.cyl, and differential perme-
ability µd,h.cyl at a field equal to the coercive force by the parameters of the normal magnetization curve and the major
magnetic hysteresis loop of the rod material (Ms, Hc, Mr, Mc, and M2c) and the dimensions of the rod.

The quantities Mm,h.cyl and Hc,h.cyl are the least sensitive to a change in the dimensions of a hollow cylindri-
cal rod and reach for thin-walled rods (ρ = 0.9) the values of Ms and Hc at a relative length of λ > 5 and λ > 3, re-
spectively.

The values of Mr,h.cyl and µd,h.cyl in the domain of change in the relative length λ of hollow cylindrical rods
from 1 to 15 and in the ratio between the inner and outer radii ρ from 0.2 to 0.9 increase with increasing λ almost
linearly and to a much lesser extent than do the values of the analogous parameters of the rod material.

NOTATION

H, internal magnetic field strength, A ⁄ m; Hc, coercive force of the material as to the major hysteresis loop,
A ⁄ m; Hc,h.cyl, coercive force of a hollow cylindrical rod, A ⁄ m; Hm, maximum value of the internal magnetic field,
A ⁄ m; Hm,s, maximum value of the magnetizing field strength at which Ms was measured, A ⁄ m; Ht.s = 32 kA ⁄ m,
magnetic field strength at which technical saturation of the material is attained; Hex, external magnetic field strength,
A ⁄ m; Hm,ex, maximum value of the external magnetic field, strength, A ⁄ m; L, length of a hollow cylindrical rod,
m; M, magnetization of the material, A ⁄ m; Mc, magnetization of the material on the normal magnetization curve at
H = Hc, A ⁄ m; M2c, magnetization of the material on the normal magnetization curve at H = 2Hc, A ⁄ m; Mm, maxi-
mum magnetization, A ⁄ m; Mm,h.cyl, maximum magnetization value of a hollow cylindrical rod (at a field equal to
Hm,ex), A ⁄ m; Mr, residual magnetization of the material as to the major hysteresis loop, A ⁄ m; Mr,h.cyl, residual mag-
netization of a hollow cylindrical rod, A ⁄ m; Ms, saturation magnetization of the material, A ⁄ m; Nh.cyl

cal , calculated
value of the demagnetization coefficient; Nh.cyl

exp , experimental value of the demagnetization coefficient; r, ϕ, z, cylin-
drical coordinates; R1, inner radius of a hollow cylindrical rod, m; R2, outer radius of a hollow cylindrical rod, m; γ,
constant coefficient equal to 0.8; κin, initial magnetic susceptibility of the material; κin,h.cyl, initial magnetic suscepti-
bility of a hollow cylindrical rod; λ, relative length of a hollow cylindrical rod; µ, permeability; µd, differential per-
meability at H = Hc; µd,h.cyl, differential permeability of a hollow cylindrical rod. Superscripts: i, iteration number;
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cal, calculation; exp, experiment. Subscripts: c, coercive; h.cyl, hollow cylindrical rod; m, maximum; s, saturation;
t.s, technical saturation; ex, external; r, residual; in, initial; d, differential.
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